Analysis of Cutting Stability in Vibration Assisted Machining Using Ananalytical Predictive Force Model  by Gao, Yuan et al.
 Procedia CIRP  31 ( 2015 )  515 – 520 
Available online at www.sciencedirect.com
2212-8271 © 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license 
(http://creativecommons.org/licenses/by-nc-nd/4.0/).
Peer-review under responsibility of the International Scientific Committee of the “15th Conference on Modelling of Machining Operations
doi: 10.1016/j.procir.2015.03.014 
ScienceDirect
15th CIRP Conference on Modelling of Machining Operations 
Analysis of cutting stability in vibration assisted machining using an 
analytical predictive force model 
 Yuan Gaoa, Ronglei Suna,*, Jurgen Leopoldb  
aState Key Laboratory of Digital Manufacturing Equipment and Technology, School of Mechanical Science and Technology, 
Huazhong University of Science and Technology, Wuhan,430074, China.  
bFormerly Fraunhofer Institute for Machine Tools and Forming Technology, Chemnitz, 09661, Germany 
* Corresponding author. Tel.: +86-027-87559719; fax: +86-027-87559416.E-mail address: ronglei@hust.edu.cn 
Abstract 
Vibration assisted machining (VAM) adds sinusoidal tool vibration to the conventional machining (CM) process. It is generally recognized that 
VAM can effectively improve machining quality and machining efficiency, however, the theoretical basis for this is not fully developed. One 
feasible explanation is about the improvement of cutting stability. In the previous literatures, time-domain simulations of chatter for CM and 
VAM have been compared, showing VAM can suppress chatter and increase cutting stability under various conditions. However, the stability 
lobe diagram that gives a global picture of the stability behavior is still unavailable for VAM. This paper is dedicated to draw the stability lobe 
diagram for VAM and compare it with that for CM. An analytical predictive force model is developed to determine the dynamic cutting force 
in VAM, incorporating material properties, tool geometry, cutting conditions and vibration parameters. Then a stability analysis based on the 
proposed force model is done and the corresponding stability lobe diagram is obtained, which shows the effect of VAM on cutting stability on a 
large spindle speed scale. Finally, cutting experiments about surface roughness are carried out to verify the theoretical conclusion.  
© 2015 The Authors. Published by Elsevier B.V. 
Peer-review under responsibility of The International Scientific Committee of the “15th Conference on Modelling of Machining Operations”. 
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1. Introduction 
In the recent years, a wide range of new alloys and 
composite materials has been applied in engineering 
applications, such as titanium and nickel alloys [1]. Due to 
their high toughness and work hardening behaviors, 
machining of these alloys is generally extremely difficult [2]. 
Conventional machining (CM) of these alloys causes high 
cutting temperatures, large cutting forces and subsequent fast 
tool wears, even at relatively low cutting velocity. These 
problems eventually lead to the deterioration of machining 
quality and hinder the increase of rate of metal removal which 
reflects the machining efficiency [3]. To conquer these 
problems and obtain high-quality components after machining 
intractable materials, a lot of new advanced machining 
technologies using external energies to assist machining are 
applied, among which vibration assisted machining (VAM) is 
a promising one [4]. Although good experimental results have 
been obtained with external vibration assistance, it is still at 
the beginning stage of research and need further and extensive 
studies concerning machining mechanisms. 
VAM adds controlled sinusoidal tool vibrations to CM 
process [5]. For appropriate combinations of cutting 
conditions and vibration parameters, the tool-chip contact is 
periodically disrupted during machining. This intermittent 
machining process brings a lot of advantages over CM on 
machining quality and efficiency, including reduced tool force 
[5], enhanced tool life [6], enhanced material removal [7], 
reduced surface roughness and improved form accuracy [5]. 
Many researchers have dedicated themselves to reveal the 
theoretical basis that VAM can effectively improve machining 
quality and increase machining efficiency. One feasible 
explanation is that VAM can increase cutting stability and 
suppress chatter compared with CM, thus the component can 
get higher accuracy and better surface roughness after 
machining [8], and a larger depth of cut can be used to 
increase the rate of metal removal. Xiao et al. [8-10] did some 
time-domain simulations for cutting stability analysis in CM 
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and VAM, giving force and vibration levels for the selected 
cutting conditions, which showed VAM can suppress chatter 
and increase cutting stability under these conditions regardless 
of the tool geometry. However, stability lobe diagram (SLD) 
is unavailable in their paper to give a global comparison of the 
stability behavior under a wide range of cutting conditions so 
that it is not exact to claim that vibration assisted machining 
can always achieve a higher cutting stability in their studies. 
Tabatabaei et al. [11] tried to draw the SLD for VAM using 
conventional frequency-domain method. However, they made 
the time delay τ equal to the time period T in their analysis, 
which is very limited because τ is determined by spindle speed,  
which is changeable, while T is determined by vibration 
frequency, which is almost fixed to the resonant frequency of 
cutting tool in VAM. They are not always equal and this 
conventional method cannot be used to analyze the effect of 
vibration frequency on cutting stability. Actually, several 
methods have been proved to be more applicable for stability 
prediction in conventional turning or milling, such as semi-
discretization method [12] and full-discretization method [13], 
and these methods can be successfully used for stability 
prediction in VAM with a few modifications. 
This paper is focused on the stability behavior of VAM, 
and compares it with that of CM to gain a better understanding 
of the chatter suppression effect of VAM. The paper is 
organized as follows. In section 2, an analytical predictive 
force model is developed to determine theoretically the 
dynamic cutting force in VAM, incorporating material 
properties, tool geometry, cutting conditions and vibration 
parameters. The force model is based on a kinematics analysis 
for VAM and an extension of Oxley’s predictive machining 
theory [14]. The predictive result is verified using a case study 
by finite element method (FEM). In section 3, the stability 
behavior is analyzed using the proposed force model and the 
corresponding stability lobe diagram is obtained by full-
discretization method, which shows the effect of VAM on 
chatter suppression on a large spindle speed scale. The 
correctness of the obtained stability lobe diagram is verified 
using another case study by conventional time-domain 
simulations. Finally, in section 4, cutting experiments about 
surface roughness are carried out to show the improvement of 
cutting stability in VAM. 
2. Analytical force modeling for VAM 
A vibration assisted turning process is studied and the 
corresponding configuration is described in details in [11]. 
2.1. Kinematics analysis and analytical force model for VAM 
Fig. 1(a) and 1(b) show the displacement and velocity of 
the tool relative to the workpiece concerning time t, while Fig. 
1(c) illustrates the mechanism of generating the pulsating 
cutting forces in VAM. In one vibration cycle T (from t1 to t4), 
cutting forces only exist for a proportion TC (from t3 to t4). The 
values of forces during cutting are equal to that in CM because 
the superimposed vibrations do not largely affect the material 
constitutive behavior of the workpiece and change the force 
levels [15]. There are no forces existing when the tool is 
separated from the workpiece (from t1 to t3), so the average 
forces are reduced apparently compared with CM, which has 
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Fig. 1. (a) Tool-workpiece relative displacement (b) tool-workpiece relative 
velocity (c) mechanism of the pulsating cutting forces 
Since cutting forces are closely related to the proportion of 
cutting time in VAM, we define a term r named duty cycle: 
C 4 3T t tr
T T
   (1) 
Then introduce a periodic function  g t : 




, nT t n r T
g t n , ,
, n r T t n T
d  ­°  ®  d  °¯  (2) 
The forces in VAM can be expressed as Eq. (3), where 
VAMF represents a set of cutting forces in VAM while CMF
represents that in CM. 
 VAM CMF F g t  (3) 
CMF is derived using shear plane model [14, 16], including 
the force in cutting direction CF and feed direction TF , as 
expressed in Eq. (4) and (5) where h  is undeformed chip 
thickness, w is width of cut, CK  and TK are cutting constants  
which can be predicted analytically using extension of 
Oxley’s predictive machining theory with Johnson and Cook 
flow stress model [14].  
= CC KF wh  (4) 
= TT KF wh  (5)  
Finally, the cutting forces in VAM are obtained by 
combining Eq. (1-5). 
2.2. Case study and verification by finite element method 
A case study is exhibited in the following to show the 
calculation process and result using the analytical predictive 
cutting force model. AISI 316L is used as workpiece material, 
and Johnson-cook flow stress parameters and some additional 
material properties used in the model are from [17]. Cutting 
conditions, vibration parameters and tool geometries are as 
follows: nominal cutting speed 60 m/min, feed rate 0.15 
mm/rev, depth of cut 0.2 mm; vibration frequency 20 kHzˈ 
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vibration amplitude 20 μm ; rake angle 0 degree, clearance 
angle 7 degree. The calculation results are listed in Table 1. 
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Fig. 2 compares the forces predicted by proposed 
analytical model and FEM in (a) cutting direction and (b) feed 
direction. The black dashed lines represent the predicted 
results using the proposed analytical force model while the 
red continuous lines represent the results gathered by FEM. It 
can be seen from Fig. 2 that the dashed lines and the 
continuous lines match well considering the maximum value 
and changing trend in both directions, which verifies the 
correctness of the proposed force model. In addition, the 
average cutting forces in VAM are calculated in both 
directions. By using the proposed analytical force model, the 
average cutting forces are 24.2N in cutting direction and 
13.3N in feed direction, while by FEM, the corresponding 
figures are 27.4N and 14.6N respectively. The differences 
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Fig. 2. Comparison of forces by proposed force model and FEM in (a) cutting 
direction and (b) feed direction 
3. Analytical modeling of chatter and stability analysis 
3.1. Analytical modeling of cutting stability for VAM 
Fig. 3 illustrates the mechanism of regenerative chatter in a 
turning process [18]. Conventionally, the turning system is 
regarded as a single degree of freedom system, assuming that 















Fig. 3. Mechanism of regenerative chatter in a turning process 
The time dependent, instantaneous undeformed chip 
thickness  h t  is determined by the intended chip thickness 
and the previous and current vibrations: 
     0h t h y t y tW     (6) 
where W is the time for one rotation,  y t W and  y t are the 
vibrations in the previous and current revolution respectively. 
Substituting Eq. (3) and Eq. (5) into Eq. (6), the dynamic 
cutting force in feed direction in VAM is expressed as follows. 
       _ TT VAM t g t h y t y tF K w W   ª º¬ ¼  (7) 
Finally the dynamic equation for VAM is obtained 
considering the mass ym , damping yc  and stiffness yk of the 
single degree of freedom turning system. 
           0y y y Tm y t c y t k y t K wg t h y t y t W     ª º¬ ¼  (8) 
3.2. Stability analysis for vibration assisted machining 
The intended chip thickness does not affect the stability of 
the system [12, 13], so this term can be omitted for simplicity 
to analyze stability and Eq. (8) becomes: 
           y y y Tm y t c y t k y t K wg t y t y t W    ª º¬ ¼  (9) 
Let       Tt y t y t ª º¬ ¼x , the state-space form of Eq. (9) is 
obtained: 
           0t t t t t t W   x A x A x B x  (10) 
where 
       0
0 1 0 0 0 0
, ,0 0y y T T
y yy y
k c K w K wt tg t g t
m mm m
ª º ª º ª º« » « » « »   « » « » « » « » « » « »¬ ¼ ¬ ¼¬ ¼
A A B  (11) 
The stability is predicted using full-discretization method 
[13]. Discretize the time period T into n equal intervals, i.e. 
T n t ' , and introduce another integer m which meets:
m int
t
W§ · ¨ ¸'© ¹ . On each time interval  [ , 1 ]k t k t'  ' , the 
response of Eq. (10) with the initial condition  k k t 'x x  
can be obtained as follows. 
               ^ `0 0tt k t t k tk tt e k t e d[ [ [ [ W [ '  '' '   ª º¬ ¼³A Ax x A x B x  (12) 
Then, 1kx i.e.  k t t' 'x can be obtained: 
        0 01 0
tt
k
k t t k t t
e k t e d
k t t k t t
[ [ [ [[ [ W
''

­ ½'  '  ' '  ª º° ° '  « »® ¾' '  ' '  « »° °¬ ¼¯ ¿³
A A A xx x
B x
 (13) 
Next, the time delay item  k t t [ W' '  x  , the state 
item  k t t [' ' x , the time-periodic items  k t t [' ' A  
and  k t t [' ' B are approximated linearly using 
boundary values: 
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1 1k m k m k mm tk t t t
W [[ W      ' ' '    'x x x x  (14)
   1 1k k kk t t t
[[  ' '   'x x x x  (15)
     0 1k kk t t t[' '   'A A A  (16) 
where  0 1
k
k A A ,    1 11k k kt  'A A A , and kA  denotes 
the value of  tA  sampled at the time k t' . 
     0 1k kk t t t[' '   'B B B  (17) 
where  0 1
k
k B B ,    1 11k k kt  'B B B , and kB  denotes the 
value of  tB  sampled at the time k t' . 
Substitute Eq. (14-17) into Eq. (13), 1kx  can be written as: 
 1 0 0 1 1 1 1 1k , k k k m k m m k m          x F F x F x F x F x  (18) 
0F , 0 1,F , 1kF  are the same with that in [13] while 1mF and mF  
are expressed as: 
   
1 1 2 0 2 3 1
1 1k k
m
m t t m t t
t t t t
W W

' '  ' ' § · § ·   ¨ ¸ ¨ ¸' ' ' '© ¹ © ¹F Φ Φ B Φ Φ B  (19) 
   
1 2 0 2 3 1
1 1k k
m
m t m t
t t t t
W W '  '§ · § ·   ¨ ¸ ¨ ¸' ' ' '© ¹ © ¹F Φ Φ B Φ Φ B  (20) 
According to Eq. (18), a discrete map can be defined as: 
1k k k  y D y  (21) 
where the vector ky  and kD are defined as follows. 
 1 1k k k k m k mcol     y x x x x  (22) 
> @   > @ > @1 1 11 0 0,1 1 1 1k k m k m
k
  
   ª º   « »« »« »« » « »« »« »« »« »« »¬ ¼
I F F F 0 0 0 I F F I F F
I 0 0 0 0 0
0 I 0 0 0 0
D
0 0 0 0 0 0
0 0 0 I 0 0
0 0 0 0 I 0
 (23) 
Define a transition matrix Φ , and then the following 
equations are obtained. 
1 2 1 0m m  Φ D D D D  (24) 
0m  y Φy  (25) 
According to Floquet theory [19], the stability of the 
system is decided in the following way: if the moduli of all 
the eigenvalues of Φ are less than unity, the system is stable; 
otherwise, the system is unstable. 
3.3. Case study and verification by time-domain simulation 
A case study is exhibited in the following to obtain the 
stability lobe diagram for VAM using the method mentioned 
in the above subsection, and a comparison is made with the 
corresponding stability behavior in CM. The parameters for 
stability analysis are from [11], which are listed in Table 2.  
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Fig. 4 shows the obtained stability lobe diagram of CM 
(shown in black line) and VAM (shown in red line). It is 
obvious that the red line is above the black line under any 
spindle speed in the researched scope, which means that 
VAM can always have a positive effect on cutting stability. 
The stability lobe diagram for CM is the same with the result 
shown in [11], however, the stability lobe diagram for VAM 
shows a different result. In [11], under the spindle speed of 
1400 rpm, the allowable depth of cut in VAM is less than that 
in CM, which is conflicting to Fig.4. To verify the stability 
prediction result in this paper, a conventional time-domain 
simulation is done under the spindle speed of 1400 rpm in the 
following. 
 
Fig. 4. Stability lobe diagram of CM and VAM 
Fig. 4 is redrawn around the spindle speed of 1400 rpm to 
see more details, as shown in Fig. 5. Five different points a to 
e are drawn in Fig. 5, presenting different depth of cut, among 
which point b and point d are on the stability boundary. In the 
next step, time-domain simulations are carried out under these 
five conditions, and the results are shown from Fig. 6(a) to 








Fig. 5. Detailed stability lobe diagram around spindle speed of 1400 rpm 





























































Fig. 6. Time-domain simulations under different cutting conditions 
In Fig. 6(a), both CM and VAM are stable, while the 
vibration levels in VAM are much lower and converge faster. 
In Fig. 6(b), CM becomes critical stable that the vibration 
levels nearly remain the same, while VAM stays quite stable. 
This phenomenon is in accordance with the predicted result in 
Fig. 5: point b is on the black line which is the boundary to 
separate stable and unstable region for CM. However, point b 
is far below the red line, which means it is in the stable region 
in VAM. In Fig. 6(c), CM becomes quite unstable and the 
vibration levels exceed the scope of the window after a period 
of time. And if depth of cut increases continuously, the 
vibration levels will become higher, which is shown in Fig. 
6(d) and Fig. 6(e). For VAM, it is still stable in Fig. 6(c). 
Only when depth of cut reaches around 12.5 mm, it becomes 
critical stable as shown in Fig. 6(d) and increasing depth of 
cut continuously to 13.5 mm leads to unstable, as is shown in 
Fig. 6(e). It is noteworthy that regardless of the stability, the 
vibration levels in VAM are always lower than that in CM. 
The above simulation results meet the stability lobe diagram 
shown in Fig.5 very well, which verifies its correctness. 
4. Experimental work 








Fig. 7. Experimental setup 
The experimental setup is shown in Fig. 7. A numerical 
control lathe is embedded with VAM system, which mainly 
contains an ultrasonic power supply and an ultrasonic 
transducer. The display screens of the ultrasonic power supply 
show the electric current, resonance state and vibration 
frequency numerically and by changing the power imposed to 
the ultrasonic transducer, the amplitude of tool vibration can 
be modified. In this study, the vibration frequency is 25 kHz 
and the maximum vibration amplitude of tool tip is up to 20 
micrometer. The ultrasonic transducer is a bending vibration 
transducer, stimulating the cutter bar which is attached to the 
front-end of the transducer to vibrate in its bending mode so 
that the tool vibration is along cutting direction in machining. 
A cemented carbide cutting insert is fixed onto the cutter bar. 
With the ultrasonic power supply on, VAM is carried out, 
otherwise, CM instead. 
Surface roughness is affected by machining parameters, 
cutting tool properties, workpiece properties and cutting 
phenomena including vibrations. When the former three 
factors remain the same, surface roughness is mainly 
determined by cutting stability which affects the levels of 
vibrations. The previous literatures have shown the 
relationship between surface roughness and cutting stability 
and a surface roughness lobe diagram similar to stability lobe 
diagram is obtained, which proves that surface roughness can 
reflect cutting stability [21, 22].  
In the preliminary experiments, a cylindrical bar made of 
AISI 1045 is machined by VAM and CM respectively for the 
same cutting length (30 mm). The diameter of the bar is 50 
mm. The other parameters are selected as follows: spindle 
speed is 500 rpm, feed rate is 0.1 mm/rev, depth of cut is 0.5 
mm, rake angle is 0 degree, clearance angle is 7 degree, 
vibration frequency and amplitude (for VAM only) are 25 
kHz and 10 μm . After machining, a surface roughness 
analysis is carried out using an electronic-type profilometer. 
The surface of the bar is sampled every 0.002 mm and the 
total length measured is 2.5 mm for each kind of machining. 
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4.2. Experimental results 
The machined surface is shown in Fig. 8. It is clear that a 
border exists in the middle of the bar, to the left of which the 
bar is machined by VAM, while to the right of the border the 
bar is machined by CM with the ultrasonic power supply off. 
Although no chatter happens in both sides, the machined 





Fig. 8. Surface profiles after CM and VAM 
The surface profiles after CM and VAM are also obtained. 
The upper surface profile is for VAM. The peak to peak value 
of the profile is within 4 μm . However, the surface profile for 
CM fluctuates more severely, with peak to peak value 
reaching lager than 10 μm . Arithmetic average roughness Ra
is calculated accordingly. The roughness figure for CM is 
1.79μm  while the corresponding figure for VAM is only 0.43
μm . As simulated in Fig. 6, VAM can always increase 
cutting stability and no matter whether or not chatter happens, 
the vibration levels in VAM are much smaller than that in CM, 
which surely leads to a lower surface roughness value. The 
above experimental results verify the simulated results well. 
5. Conclusion 
In this paper, an analytical predictive force model is 
proposed to predict the cutting forces in VAM, and the model 
is proved to be accurate compared with FEM. A stability 
analysis based on this force model is done to compare the 
difference in stability behaviors between CM and VAM. From 
the obtained stability lobe diagram it is found out that VAM 
can effectively increase allowable depth of cut, which means 
it has higher cutting stability. To verify this conclusion, a 
surface roughness experiment was carried out. The machined 
surface is much smoother after VAM under the same cutting 
conditions with CM, which reflects the improvement of 
cutting stability.  
This paper provides the theoretical basis of stability 
analysis for VAM and the results strongly support its 
advantages on machining quality and machining efficiency. 
However, the modal parameters are mainly from the previous 
literatures in stability analysis. In future work, the parameters 
related to the proposed model will all be recognized 
experimentally and the stability boundary obtained in stability 
lobe diagram will be verified by experiments. 
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